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The Spectral Gap for the Kawasaki Dynamics at Low
Temperature
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In this paper we analyze the convergence to equilibrium of Kawasaki dynamics
for the Ising model in the phase coexistence region. First we show, in strict anal-
ogy with the nonconservative case, that in any lattice dimension, for any bound-
ary condition and any positive temperature and particle density, the spectral
gap in a box of side L does not shrink faster than a negative exponential of the
surface L9~ Then we prove that, in two dimensions and for free boundary
condition, the spectral gap in a box of side L is smaller than a negative
exponential of L provided that the temperature is below the critical one and the
particle density p satisfies p e (p* , p* ), where p¥ represents the particle density
of the plus and minus phase, respectively.

KEY WORDS: Kawasaki dynamics; spectral gap; large deviations; Wulff
construction.

1. INTRODUCTION

In this paper we analyze in some detail the dependence on the volume of
the spectral gap of the generator of the usual Kawasaki dynamics (i.e.,
a nearest neighbors spin-exchange Markov process on the spin configura-
tion space, reversible w.r.t. to the canonical Gibbs measure) for the standard
nearest neighbor ferromagnetic Ising model in the phase coexistence region.

As it is well known, the conservation of the particle number (in the
lattice gas picture, or of the magnetization in the usual +1 spin variables)
makes the analysis of the relaxational properties of conservative dynamics
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much more difficult then in the non-conservative case of Glauber dynamics,
even for very high temperature. For Glauber dynamics the general picture
is relatively clear for a wide class of models both in the one phase and in
the phase coexistence region with the notable exception of the critical point
(see, e.g., [M1] and references therein). In particular, for the two dimen-
sional Ising case with zero external field, the spectral gap of a Glauber
dynamics does not go to zero in the thermodynamic limit for any tem-
perature above the critical one, while below the critical temperature the
spectral gap in a box of side L and free boundary conditions becomes
exponentially small in L with a precise rate related to the surface tension.

In the conservative case, instead, the basic results [LY, Y] on the
spectral gap and logarithmic Sobolev inequality of Kawasaki dynamics are
restricted to the one phase region and state that, under a suitable mixing
condition on the grandcanonical Gibbs measure which for the two dimen-
sional Ising model holds for any temperature above the critical one, the
spectral gap in a box of side L shrinks like L ~2. The proof of such interesting
and far-reaching result required the development of a rather sophisticated
and intricate technology and posed new, non trivial problems on the
theory of canonical Gibbs measure and their equivalence to grandcanonical
ones.

It seems therefore natural to ask whether, at least for a simple case like
the two dimensional Ising model, one could obtain upper and lower
bounds on the spectral gap of Kawasaki dynamics also in the phase
coexistence region. Here we provide a first partial answer to the above
question by proving the following two results.

First we show, in strict analogy with the non-conservative case (see
Theorem 4.12 in [CMM ]), that in any dimension, for any boundary condi-
tion, any positive temperature and particle density, the spectral gap in a box
of side L does not shrinks faster than exp(—a, L9~ !). Then we prove that,
in two dimensions and free b.c., the spectral gap in a box of side L is smaller
than exp(—a,L) provided that the temperature is below the critical one
and the particle density p is satisfies p e (p*, p*% ), where p% =(1 £ m™*)/2
and m* is the usual spontancous magnetization at inverse temperature f.
It is important to point out that in this case, contrary to the non conser-
vative case, by no means our proof provides a good bound on the rate o,
appearing in the exponential. Actually we do not even have a good guess
for such a quantity and we think it would be quite nice to be able to com-
pute it. Let us now explain in simple terms the strategy behind the proof
of these results. In order to prove the first lower bound, namely
gap(Q,) = Ce —RL e proceed recursively and prove that

gap(Q,,) = e " gap(0,) (1.1)
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Such an inequality is rather straightforward in the Glauber case. In this
case, in fact, the grandcanonical measure in Q,, has a density w.r.t. the
product of two grandcanonical measures in each half of Q,, which is
bounded from above and from below by an exponential of the interaction
through the interface separating the two halves. In other words, by paying
a price not larger than e*~‘"', one can compare the spectral gap of the
Glauber dynamics in Q,; with that of a product Glauber dynamics in each
half of Q,; and easily get (1.1). For a conservative dynamics like Kawasaki
dynamics such a reasoning does not apply because the conservation of the
number of particles introduces a global constraint in the system and even
at infinite temperature the dynamics does not factorize into independent
components. If however we fix in addition the number of particles in each
halves of Q,;, i.e., we consider a multicanonical Gibbs measure, then we
can proceed exactly as in the non conservative case and succesfully com-
pare the dynamics in Q,; with a product dynamics in each of the two
halves. Technically this is done via the formula of the conditional variance

Var(f)=E(Var(f |n))+ Var(E(f | n)) (L.2)

where Var(-) and E(-) denote respectively the variance and expectation
w.r.t. the canonical Gibbs measure on Q,;, and n denotes the number of
particles in, e.g., the upper half of Q,;. In order to control the effects
produced by the above extra conservation law, i.e., to be able to bound the
last term in the r.h.s. of (1.2), one is led naturally to study the distribution
of the number of particles in half cube under the canonical Gibbs distri-
bution in Q,; and in particular to prove a Poincaré inequality for it.
This turned out to be an interesting problem which is fully discussed in
Section 4.

It is worthwhile to mention that the above simple strategy to prove a
lower bound on the spectral gap gives the correct L ™2 scaling at infinite
temperature (simple exclusion model) even at the level of the logarithmic
Sobolev constant and it looks quite promising also to treat the high tem-
perature regime [ M2].

Let us now turn to our second result. Here the goal is to prove an upper
bound on the spectral gap which is exponentially small in L and thus it is
natural to follow the “look for a bottleneck” approach, i.e., to look for a
suitable trial function with a very small Dirichlet form and a comparatively
large variance to plug into the variational characterization of the gap
(2.14). Let us denote by N the total number of particles in a square Q; of
side L and let us assume that pe(p*, p%) where p=N/L* and p* have
been defined above. Then our choice is to take as test function the charac-
teristic function of the event that the number of particles in the set U
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described in Fig. 1 (Section 5) is less than N/2. In order to explain such
apparently weird choice, it is useful first to recall the shape of the typical
configurations of the canonical Ising Gibbs measure in a square Q, with
N particles and free b.c. when the temperature is below the critical value.

Let m,=2p—1 be the usual magnetization associated to the given
particle density. Then, as discussed in [ Sh] (see also [ CGMS] and Section 5
below), there exists 0 <m; <m™* such that

(i) if m,e(—m,, m;) then the typical configurations show phase
segregation between a high/low density (= p?*) regions that are roughly
two horizontal (vertical) rectangles of appropriate area separated by an
horizontal (vertical) interface of length L.

(ii) if m,e(—m* m*)\(—m,;, m,) then the typical configurations
show phase segregation between a high/low density (=~ p?* ), regions one of
which is a quarter of a Wulff shape (see [ DKS]) of appropriate area and
centered in one of the four vertices of Q;.

What is important for us is that in both cases the typical configurations of
the canonical measure show a discrete symmetry described by rotations of
k(m/2), k=0, 1... around the center of Q, and that the critical value m, is
such that for each typical configuration the particle density in the set U,
pu, 1s either below or above p. In particular, if the dynamics starts from
one typical configuration, for which, e.g., p, < p, then, in order to relax to
equilibrium, it must necessarily cross the unlikely region in the configura-
tion space in which p,=p. Thus in order to conclude the argument it is
sufficient to show that the canonical probability of seeing p,=p is
exponentially small in L. Such bound is proved in Sections 5, 6, and 7 for
any temperature below the critical one and any pe(p*, p*). Its proof,
which is unfortunately rather technical, requires in particular a rather
sharp lower bound on the Ising grandcanonical probability of having
exactly N particles in Q, (see Section 7). We have been able to obtain such
a bound by adapting and partially extending to free boundary condition
the recent techniques introduced in [ IS] where plus b.c. are treated.

We conclude by observing that the above discrete symmetry of the
typical configurations is peculiar of free b.c. If instead one works with, e.g.,
plus b.c., then the typical configurations for the canonical measure when
m, is slightly below m* consist of a low density Wulff bubble centered
somewhere in the bulk of Q,, immersed in a sea of high density. In this
case we suspect that the continuous degeneracy of the typical configura-
tions caused by the arbitrariness of the location of the center of the Wulff
bubble prevents the spectral gap to be exponentially small in L. In par-
ticular one may argue that the slowest mode of the system is due to the
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random walk motion of the center of gravity of the unique Wulff bubble.
If that is true then simple heuristics shows that the spectral gap should
shrink as L 3. Although at the moment we cannot prove a lower bound
of this type, it is not too difficult to show that gap <constL ~> This
inequality is obtained by plugging into the variational characterization of
the spectral gap (2.14) a slowly (on scale L) varying function of the center
of gravity of the Wulff bubble. Such a choice of the test function is dictated
by the above heuristics.

2. NOTATION AND RESULTS

The Lattice. We consider the d dimensional lattice Z¢ with sites
X =(Xy,.., Xz) and norms

d 1/p
|x|p=<z|xi|f’> p=1 and  fal=lxl.= max v
1€

i=1

The associated distance functions are denoted by d,(-,-) and d(-,-). By O,
we denote the cube of all x =(xy,..., x,) € Z? such that x,€ {0,.., L—1}. If
xeZ% Q,(x) stands for Q; +x. We also let B, be the ball (w.r.t d(-,-)) of
radius L centered at the origin, ie., B, =0, ,((—L,..., —L)). If A4 is
a finite subset of Z¢ we write A4 cc Z¢. The cardinality of A is denoted
by |4|. F is the set of all nonempty finite subsets of Z.

[x, y] is the closed segment with endpoints x and y. The edges of Z¢
are those e =[x, y] with x, y nearest neighbors in Z% The boundary of an
edge e=[x, y] is de={x, y}. The boundary of a set of edges o is the set
oo of all sites that belong to an odd number of edges of a. A set of edges
is called closed if its boundary is empty. We denote by &, the set of all
edges such that both endpoints are in 4 and by &, the set of all edges with
at least one endpoint in /. Viceversa, for a set of edges X, ¥ (X) stands for
the set of all sites which are endpoints of at least one edge in X. When d =2
we consider also the dual lattice Z3 =7+ (1/2, 1/2). Given an edge e of
Z*(Z%,), e* is the unique edge in Z3(Z?) that intersects e. Given A = Z* we
let A* as the set of all xe Z2, such that dy(x, ) = l/ﬁ. The set of the dual
edges is defined as

E,=1{e*:ecé,)

Notice that, in general, &, < &,« (the equality holds, for instance, in the
case of rectangles).

Given A = Z¢ we define its interior and exterior boundaries as respec-
tively, 04 ={xed:d(x, A)<1} and 0TA={xeA°:d(x, 4)<1}, and
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more generally we define the boundaries of width n as 0,4={xe4:
d(x, A)<n}, 0FA={xeA:d(x, A)<n}. For A =Z? we also let

dA={e*e=[x ylxed, yed, |x—yl,=1) 1)

The Configuration Space. Our configuration space is Q= S%",
where S={—1, 1}, or Q,=S" for some V=7 Sometimes the lattice gas
point of view will be more convenient, so we also consider the space
Q' ={0,1}7" and its natural one-to-one correspondence with Q. The single
spin space S is endowed with the discrete topology and Q with the corre-
sponding product topology. Given g e Q and A e Z we denote by o, the
natural projection over Q. If U, V are disjoint, ¢ ,7, is the configuration
on Uu V which is equal to ¢ on U and 7 on V. Given Vel we define
the unnormalized magnetization M, : Qv+ 7 and the number of particles
Ny:Q +— N as

My(o)= ) a(x),  Ny(n= ) nx) (2.2)

xeV xeV

while the normalized magnetization is given by my,= M ,/|V|.

If f is a function on @, A4, denotes the smallest subset of Z¢ such
that f(o) depends only on g 4, -f'is called local if A, is finite. #, stands for
the o-algebra generated by the set of projections {7}, x€ 4, from Q to
{—1,1}, where 7, : 6> a(x). When A =77 we set F = F,a and F coin-
cides with the Borel g-algebra on Q with respect to the topology intro-
duced above. By ||f|., we mean the supremum norm of f. The gradient of
a function f is defined as

(Vif)(o) = f(a¥) = flo)

where ¢* € Q is the configuration obtained from o, by flipping the spin at
the site x.

The Interaction and the Gibbs Measures. Given Vel we
define the Hamiltonian H, : 2+ R by

—Hy(o)= ) a(x)a(y) (2.3)

[x, y1eé&y

For g, e Q2 we also let H,(0)=H,(o,7y.) and 7 is called the boundary
condition. Sometimes we take teQ=1{0, —1, +1}7* and we call it a
generalized boundary condition. As a particular case we have the free
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boundary conditions, given by 7=0. The corresponding Hamiltonian is
denoted by

—HP(o)= ) al(x)a(y) (24)

[x, yleé&y

For each Vel, teQ the (finite volume) Gibbs measure on (£, %), is
given by
(ZB)~lexp[ —BH*(0)] if o(x)=1(x) for all xe V¢
Bt — v 14
(o) {O otherwise (25)

where Z%7 is the proper normalization factor called partition function. We
will often omit the superscript f in all quantities, since in all our results the
value of f§ can be considered a fixed parameter. Given a measurable bounded
function f on @, u, f denotes the function o u%(f). Analogously, if
XeZ, uy(X)=pu,1x, where 1 is the characteristic function on X. u(f, g)
stands for the covariance (with respect to i) of fand g. The set of measures
(2.5) satisfies the DLR compeatibility conditions

U (X)) =p,(X) VXeF VVcdccz? (2.6)
A probability measure 4 on (Q, &) is called a Gibbs measure if
Wy (X)) =u(X) VXesF VYVeF (2.7)

It is well known that, for the interaction (2.3), the sequences ,ug;r and
5~ converge weakly, as L — oo, to the Gibbs measures x/ * and u/ ~
respectively. We call spontaneous magnetization the function m*: R, —
[0, 1], given by

m*(f)=u”*(a(0)) = lim x5 *(a(0)) (2.8)

L — o

The critical inverse temperature f. is defined as, the supremum of all f’s
such that m*(f)=0. When d=2 it is well known that f.=(1/2)x
log(1 + ﬁ). We introduce the canonical Gibbs measures on (€2, # ) defined
as

Vin=Vi-INs=N)  Ne{o,1,., 4]} (2.9)

where N , is the number of particles (i.e., spins equal to +1) in 4.
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The Dynamics. We consider the so-called Kawasaki dynamics in
which particles (spins with o(x) = + 1) can jump to nearest neighbor empty
(o(x)= —1) locations, keeping the total number of particles constant.
For o€ Q, let 6™ be the configuration obtained from ¢ by exchanging the
spins o(x) and o(y). Let t,,06 =0 and define (7, f)(o)= f(t,,0). The
stochastic dynamics we want to study is determined by the Markov gener-
ators L,,, Vo= 7% defined by

(Ly o)=Y culo)Vyfllo) o€, fiQ—R  (210)

[x, yle&y

where V,,=T,,—1. The nonnegative real quantities c, (o) are the transi-
tion rates for the process.
The general assumptions on the transition rates are

(1) Nearest neighbor interactions. c,,(c) depends only on the spins
that are nearest neighbors of either x or y

(2) Detailed balance. For all 6eQ and [x, y] € &pa

exp[ _ﬁH{x, y}(a)] ny(O') = exp[ _ﬂH{x, y}(o.xy)] ny(axy) (211)

(3) Positivity and boundedness. For all >0 there exist positive real
numbers c¢,,(f) ¢ f) such that

Cn < Cy(0) < ey Vx, yeZ? ocef (2.12)

We denote by Lj, , the operator L, acting on LY(Q, vy, n) (this amounts
to choosing 7 as the boundary condition and N as the number of particles).
Assumptions (1), (2) and (3) guarantee that there exists a unique Markov
process whose generator is L7, 5, and whose semigroup we denote by
(T}/™7%),20. L}, y is a bounded operator on L*(, v}, ) and v},  is its
unique invariant measure. Moreover VY. v 18 reversible with respect to the
process, ie., L}, 5 is self-adjoint on LZ(Q vy v)- A fundamental quantity
associated with the dynamics of a reversible system is the gap of the gener-
ator, i.e.,

gap(L}y, y) =infspec(—Lj, [ 1)

where 1+ is the subspace of L%, vy, n) orthogonal to the constant func-
tions. We let & be the Dirichlet form associated with the generator L7, ,

éa‘;/,N(f’ f): <f7 _L‘L;{N>L2(Q,v;N):% Z v‘;/,N[ny(nyf)z] (213)

[x, yleé&y
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and Varj, , is the variance relative to the probability measure vJ, 5. The
gap can also be characterized as

&y (o S)

inf —_—— (2.14)
FeIX@, vy, ), Vary, y()#0 Vary, y(f)

gap(Ly, y) =

Our main results are the following upper and lower bounds on the spectral
gap of the generator in a finite volume.

Theorem 2.1. (a) For all integers d>2 there exists o,(f)>0
such that, for all f>0, for all 1€, for all large enough L and for all
Ne{0,.., |Q.|}, we have

gap(Ly, y)>e st (2.15)

(b) Letd=2, f>p., and me(—m*(f), m*(f)). Then there exists
o,(fB, m) >0 such that, if /7= (1+m)|Q.|/2] (ie., A is the number
of particles which gives a magnetization approximately equal to m), then,
for large enough L

gap(Lg  ym)<e 2k (2.16)

Remarks. While the lower bound is a quite general statement, the
upper bound (2.16) is special to free boundary conditions, > f, and
|m| <m*. In [LY] it has been shown that if one has a “complete
analyticity” type of condition at a certain inverse temperature f and for all
magnetic fields h, then gap(L3? n)~L~? follows. In the case of the
2-dimensional Ising model, this condition is known to be true when f < f3..
One might expect a polynomial law if §> f§, and |m| >m™ (this is certainly
true if, e.g., there is only one particle!).

The Glauber Dynamics. Even though our results deal with the
gap associated to the Kawasaki dynamics, we sometimes need to use
results for the Glauber dynamics, defined in terms of transition rates ¢, (o)
which is the rate of the transition ¢ — ¢*, where ¢~ is the configuration
obtained from o by flipping the spin at x. The generators of these processes
are denoted by %, defined as

(L fo)= 3 o)V f)o) oeQ (2.17)

xeV
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3. PRELIMINARY RESULTS

We collect in this section some preliminary results that will be used in
the future. The reader can skip them during a first reading and come back
to this section when these results are needed.

Proposition 3.1. Let A ccZ% Then, for all >0, e Q and for
all ke {0,..., |[4] —1} we have

|A|_k€74dﬁ<ﬂZ{NA:k+1}<|A|_k
k+1 S OWdNg=kY T k+]

o 4B

Proof. Define n(x)=(14a(x))/2, N(0)=> c (1 +0a(x))/2, then

PN, =k +1) = Ny(o) =k +1 4

(k+1)Z
1
k+1 ZA,UA _ﬁ(VXHA)(a)(l ﬂ(x))ﬂ{NA=k})
|/1| .
S+l e4dﬂﬂA{NA:k}

where we used the change of variable ¢ — ¢* to obtain the second equality
and |e #V=Ha| < e* for the last inequality. The lower bound is analo-
gous. ||

Proposition 3.2. Let p be a probability measure on Q = {0, 1,.., N},
and assume that

p(i)=p(N—1i) (3.1)

Then, for all functions f on 2 we have

N
Var(f)<C, Z i) A pli— D)) — f(i—1)]?

where

72
Cp=4(N+1)2[ sup p(])}
i<NJ2, j<i p(i)
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Proof. We consider a continuous time Markov chain with transition
rates

PP AT b j=it]

(i, j)= {0 otherwise (3.2)

Since the rates satisfy the detailed balance condition

p(i) (i, j) = p(j) c(J, 1) (33)

the probability measure p is reversible with respect to the chain. The
associated Dirichlet form is given by

(S5 ) pli) ci, i—DLfE—1) = f()]?

™M= 1[\42

—_

(p(i) A p(i =D)L fi) = fi—1)]?

If we denote by 4 the spectral gap of the generator of the chain, we have

p()/\pl—l L) = fi—1)]

uMz

1 1

V — —

an (1S5 600 0=

To conclude the proof we need a lower bound for A. Cheeger’s inequality

(see Theorem 2.1 in [LS]) states that

12
>7
/1/8M

where M =sup;(c(i,i+1)+c(i,i—1)) and

7= min 2 iyeaxa s k) p(j)
ace  p(A)(1—p(4))

With the choice (3.2) M < 2. As the state space €2 is countable and connected,
by Corollary 4.4 in [LS], the minimum can be taken over all subsets
A < Q such that 4 and A°¢ are connected. Using the symmetry between 4
and A¢ we can also impose p(A4) < 1/2. We can thus write, using (3.1), (3.3)
and (3.2),

-< LAY 4
sup e b S G4

1 2 i<iP()) {NH} pLj)
< su
1 i<[(N—1)/2] p(i) A pli i<S[(N+1)/2], j<i p(i)
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As, by Eq. (3.1), p((N+1)/2)=p((N—1)/2), in (3.4) we can take i< N/2.
We thus obtain

1
I<C :4(N+1)2[ sup

’ i<N/2, j<i p(i)

p(j)}2 1

In the following proposition we need to introduce a magnetic field, so we
also define

H'(o)=H,(c)—h Y, a(x) (3.5)
xeV
The corresponding Gibbs measure is denoted by u”".
Proposition 3.3. Let 4 ==Z% ne{l,..,|A|—1}, and let B, h be

such that u"*(N,)=n. Consider a Glauber-type dynamics with transition
rates ¢, (o), generator £%*, and let ¢§,=sup, , c¢,(c). Then

gap(L"7) > 1
AlcE, (n+2)(|4]—n+1)

=
Proof. Consider trial function

fA, n(U) =1 {N4(c)>n}

where, as usual, N, is the number of particles in 4. The Dirichlet form
associated to the Glauber dynamics is bounded by

Enn S )< |Ale§py T IN 4= n})
while the variance is given by
Var ,(f) =i AN <n} pi*{N >n}
so that, by the analogous of (2.14) for the Glauber dynamics we have

gap(L%7)

h,t N — >
V= > (4P

U N W] G6)

We now bound the two probabilities in the RHS of (3.6). For the first one
we have

n=pli" (N =n+1)ui"{Ny>n} =+ D1 —pf"{N,<n})
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thus

#ZT{NA<’7} =

Analogously we obtain

|A] —n

ANa < <TG

so that for the second one

1

N, >nl>—-—— —
ﬂA{ A } |A|—(l’l—1)

/‘}/'iT{NA:”}

and the result follows. ||

For x, ze 7% we define the events

E.={0eQ:0(x)=1,0(z)=0} (3.7)

Proposition 3.4. Let AccZ% A=VUW with VA W=¢. Let
v=vi7% and p,=v{N,=i}. Let also ¢,=i(|W|—N+i) and c¢,=
i(|V|—N+1i). Then, for all functions f on Q we have

W/ INy=0)—=vf|Ny=i—-1)

- Z V[ xzf 1]E |NV_Z:|

ler
zeW

1 p;_
+7p171

. Y vle PVetuty  fINy=i—1]

i Pi xerv
zeW

1

5 Y (Ve ) [Np=i—1]
CN—i+1 xev
zeW

1 .
Y e P, f I Ny=i]
CN—i+1 Pi—1 xev ¥
zeW

Remark. A similar statement is contained in Lemma 3.1 in [LY].
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Proof. For ce, let n'.(6)=(o(x)+1)/2. Adding and subtracting
T., f we can write

VI Ny=i)=— Z V(=T f)n (1 =) [Ny=i]
ler
zeW

. Y V(T f) (1 =nl) | Ny=i] (3.8)

i xeV
ze W

After the change of variable #+— 1™, using the equality v(fg)=v(f, g)+
v(f) v(g), we can write the second term in (3.8) as

1 V{NV:lfl} BV._H ;
-+ - 7 - xz* A 1_ ! 4 N = —1
¢, V{Ny=i} giV[e omlme Nl
zeW
+1M z v[efﬂVﬂHA(1_n')n’|N =i—1]
Ci V{NVZZ} xeV i ’ .
zeW
Wf I Ny=i—1) (39)

Taking f=1 in equation (3.8) we obtain that the term multiplying
Wf|Ny=i—1)in (3.9) is equal to one and the result is obtained.
The second equality follows from the first by interchanging ¥ and W. ||

4. PROOF OF THE LOWER BOUND

Here we prove the lower bound (2.15) of the main Theorem 2.1. In the
first subsection we show how, at least when the boundary condition if free
and the side L of the cube Q, is a power of two, the lower bound is a con-
sequence of a key inequality stated in Lemma 4.1. The second subsection
is where our hands get dirty and we prove of Lemma 4.1. Next we show
how to extend the results to an arbitrary boundary condition and all values
of L (this is very simple). Finally we show how, with our approach, we
recover the well known result for f=0.

4.1. Reduction to the Key Inequality (4.5)

The core of the proof is to show that gap(24) > gap(A) exp( — kL9~ ).
To be more precise, for even L, consider the parallelepipeds Q4 for
j=0, 1,..., d, defined as the set of all xe @, such that 0<x,<L/2—1 for
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i=j+1,.,d Thus Q% coincides with Q,, while Q9 =0, ,. Moreover
Q4+ is the disjoint union of Q4 and a translate of Q4. Let now

a(A)= sup gap(LF )"

Ne{0,.., |4]}
What we want to show is that for some & which depends only on f we have
a(Qf) <a(Qf) T Vj=0,.d—1 (4.1)

One can then iterate this inequality and obtain the result of Theorem 2.1
for L =2", and free boundary condition. In subsection 3 we remove these
limitations.

In the following we will often consider a volume A which is a disjoint
union of two subsets

A=V W VaWw=g (4.2)

and we consider a modified Ising model where all interactions between V
and W have been turned off, i.e., we define an interaction

J

xy =

(4.3)

0 if xeV and ye W (or viceversa)
1 otherwise

Then we define the following “dotted” quantities for the “decoupled”
system

i=vif,  L=Li%, S N)=V—SLf) (44)

The main ingredient for proving (4.1) is the following

Lemma 4.1. With reference to the notation introduced in (4.2),
(4.3), (4.4), if W is a translate of V and d,(V, W) =1 (there is at least one
edge connecting the two sets), then there exists k() > 0 such that

Var,(¥(/ | Ny)) <exp(k |A|“" D LE(f, f)+i(Vary(fINy)]  (45)

We prove this result in the next subsection, while below we show that
Lemma 4.1 implies (4.1). Let V=04, A= Q3" and let W be the unique
translate of V' such that VA W= and Vo W=A. Thus A, V and W
satisfy the hypotheses of Lemma 4.1. Let v= vi%. Then for all functions
f:Q,— R we have

Var,(f) =v(Var,(f | Ny)) + Var,(/(f | Ny)) (4.6)
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The key fact now is that, since there is no interaction between V' and W,
the conditional measure V(-| N, =k) is a product measure, i.e.,

‘}('|NV:k):Vg,k><v%/,N—k

Moreover v(-| N, =k) is the reversible measure of a Markov process whose
generator is the sum of the two commuting generators LY , + L%, _ . By
consequence we have that

Vary(f | Ny =k) <max{gap( LQ )" gap(L WN ol
X[W(—fLZ [ INy=k)+ (= fLF, n_i f | Ny=Kk)]
Sa QDI —fLE  f INy=k)+W(—fLG y_ [ | Ny=k)]

Therefore we get

W(Var(f | Ny)) <a(Q]) i(—fLf)=a(Q}) E(f; /) (4.7)
From (4.6), (4.5) and (4.7) we obtain

Var,(f) <e ' [1+2a(04)]1 6(f £) <M 'a(Q)) E(f f)  (48)

All we need to do at this point is to “remove the dot”, i.e., restore the
original interaction where J,, =1 for all x and y. This is very simple since,
by a straightforward computations, we find that there is a constant k, such
that

e—kapaLi=t V(o) < efapari=! VoeQ
A, N
vZ \(0)

which, combined with (4.8), yields
Var? o(f) <e® T3 (01) 69 (. f) (4.9)

Since fis arbitrary (4.1) follows from (2.14). In this way we have proven
the lower bound (2.15) with free boundary condition and L =2" for some
integer n. ||

4.2. Proof of Lemma 4.1

Throughout this subsection we use the notation (4.2), (4.3), (4.4).
Thanks to the spin-flip symmetry we can assume that the number of
particles is N<|A4|/2=|V]|. Choose f: 2+ R and let

gn)=v(f|Ny=n) Pn=V{N,=n} Vn=0,.,N (4.10)



Spectral Gap for Kawasaki Dynamics at Low Temperature 231

By Proposition 3.2 we get

Var, (@) <4+ 12 sup LS (o, p et - gli— 1)

i<N/2, j<i Pi

The result of Lemma 4.1 then follows if we can prove the following two
propositions:

Proposition 4.2. With respect to the notation introduced above, if
| 4] is large enough,

2
< sup pj> <explk|A|¢“@—DA]

i<N/2, j<i Pi

for some k which depends on .

Proposition 4.3. Let Ac 7% Vcd and W=A\V (W is not
necessarily a translate of 7). Then, with respect to the notation introduced
in (4.10), there exists some C which depends on £ such that

(1)

N

Y (pinpi)gli)—gli—1)]?

i=1

SCLVIIWLIALE(S, )+ A1 ¥(Var(f | Ny))]

(2) If A=Q5*', V=04 (so that W= A\V is a translate of V') we
have

Y (pinpi )l gli)—gli—1)12

i=1

Ld+2

N (AN 1) O )+ AFVand /[ Ny)

<

The rest of this subsection is then devoted to proving these two
propositions.
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Proof of Proposition 4.2. Let ¢"(i) =u"s?{N, =i} (remember (3.5)),
and, for simplicity let ¢(i) = ¢°(i). Since V and W are decoupled, and since
W is a translation of V, we have

GINy=i} WG{Ny=N—i}
_ LD _ _ _uV{ v l}ﬂW{ w
pi=ui?°(N,=i|N,=N)=

4 ” 4 ﬂ{ig{“/l:]v}

~q(i) g(N—1)
_llfig{NA=N}

Hence

Since

ey
ug(e*r)

for all functions f, we can write for i =1,.., | V| and for all 1 e R,
q(i) =e P U Ny =i}) = e uP (™) ¢"(i)
For all ae (0, |V|), define now 7(a) by
¢"(Ny)=a (4.12)

(this is always possible because ¢*(N ) is an increasing continuous func-
tion of & with range (0, |V]). Let also

I(a) = 2h(a) a—log p (e Nv)
Thus we obtain
g(i)y=e= 1D g0y Vi=1,.,|V]|—1

A straightforward computation shows that I'(a)=2h(a), so that I"(a)=
2h'(a) = 0. From the convexity of 7 it is easy to show that

I(j)+I(N—j)— i)+ I(N—i)) =0 Vi, jsuch that i<N/2, j<i

Hence, if i < N/2 and j<i, we have

p; ") ¢ TN =) _ 1
P D) PV IN =) ) YN i)

(4.13)
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On the other side, thanks to Proposition 3.3 (recall (4.12)), we know that

@ap(LE"7) > !
|V cs, @+ V]—i+1)

o= (414)
We need at this point a lower bound on the gap of the generator of a

suitable Glauber dynamics. In Theorem 4.12 of [CMM] the following
universal lower bound was proved:

Theorem [CMM]. Consider an arbitrary finite range interaction
S ={I,} 4o with range equal to r. Let ||, =3 ,.. %] and [|7] =
sup, .4 |l-Z| . (the interaction is not necessarily translation invariant). Let
27, be the generator of a Glauber dynamics with finite range transition
rates c¢,.(o) which satisfy the detailed balance principle w.r.t. the Gibbs
measure u%. Assume also that c,(g)>c%e "1 !”Ix. Then there exist
k(d, r, x,), such that, for each 4 = < Z“ and for each 7€ Q, we have

gap(L7%) = cf expl —kp ||| 4 141~ D] (4.15)

It is easy to verify that with the same proof one can obtain a slightly
stronger result, where in the RHS of (4.15) the quantity |.7| , is replaced
by |.#>2||,, where .#>? is the set of all interactions involving at least 2
spins, i.e., excluding the magnetic field. Choose then the generator £/ 9 of
the Glauber dynamics with Heat-Bath transition rates given by

co(0)=[14 V]!

In this case we can take c,=1/2, k;, =2 and c§,= 1. Furthermore we also
have for the nearest neighbour Ising model |.# >2|| . = 2d, so we find

gap( L% 7) = Lexp[ —2dpk | V|41 ] forall heR (4.16)
Replacing into (4.14), we have, for large enough |V/|
¢"O(i) > exp[ — gk’ |V~ 1]

which, together with (4.13) implies the proposition. ||

Remark. The reader may be puzzled by the fact that we have used
a “dynamical” argument to prove Proposition 4.2 which is a statement
about the equilibrium measure. A closer look at the proof of Theorem
CMM reveals however that there is really little dynamics involved, since
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the spectral gap is just an analytical tool which allows us to write the
Poincaré inequality

Var(f) <gap(Z)~' (/. f)

The dynamics enters in the arguments only through its reversible-measure.
Of course one may still wonder if there is an easier proof of the inequality

WP{Ny =i} = exp[ — k' |V~ D]
Such a proof (which we did not find) would eliminate the necessity of
Proposition 3.3 and Theorem CMM.

Proof of Proposition 4.3. Throughout this proof we will use the
notation (4.10). The idea is first of all to use the identities 3.4. Unfor-
tunately, in order to have sharp enough estimates, we need to use either the
first or the second one, depending on the value of N,. Let then

(DY +1)
N A+2

By Proposition 3.4 and the Schwartz inequality, we get

N

Y (pinpi_)gli)—g(i—1)1?<2(4+ B) (4.17)
i=1
where
Lu N
A= Z iNPi—1) Az( ) + z (pin Pi—l)Az.;.(i)
i=1 i=lul+1 (418)
Lu | N
B=3 (pinpic) B2+ ) (pinpimy) BA()
i=1 i=lu|+1

and, letting ¢;=i(|W|—N+1i), ¢;=i(|V|—N+i)and g, =e #V=ta Te,

A,()=— Y (Ve g INy=i]

¢ (x,z2)eVxW

Z V[(szf)ﬂExz|NV:l—1]

c
N—i+1l (x,z)eVxW

Boi)=-LEt Y g fINy=ie 1]

Ci P (x,z)eVxW

1 .
B_()=F—L Y g fINy=i]

CN7i+l pifl (x,z)eVxW

(4.19)
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Estimate of the term B in (4.17). In order to estimate B (i) we write

(V[ &ex» [ INy=i—11)2<Var,(f | Ny=i—1) Var(g.. | Ny=i—1)
(4.20)

and we notice that
Vary(g.. | Ny=i—1)<|lg.. 12, < e Vet <P Wetale < o8%  (421)

Moreover, recalling (4.11) and using Proposition 3.1, we find

Pi—1 i [W|—N+i 8dp 84
< <|VIIW| e
e ST—i+1 N—ig1 & SWHWle

A straightforward calculation gives

_INA DAV DIAW =N)AVI+ 1+ W+ D+ (N+ DV + 1]
‘ (14] +2)?

=(N+1)(|V|+DH(W|+1)(|4]| =N+ 1)(|4] +2)* (4.22)

Moreover, ¢, is increasing in i. So, using the Schwarz inequality, we obtain,
fori=zlul+1,

BXZ() <, XV W2 (VW) Y (&, [INy=i—1])

(x,z)eVxW
<A VIIWND* e Vary(f | Ny=i—1)

< (VW) (4] +2)*
S(N+1)2(|4] —N+1)?

e Vary(f | Ny=i—1)

The term B_ (i) can be estimated in the same way. So, we have

|4]*
(N+ 12 (4] =N +1)?

B< Ci(f) V(Vary(f | Ny)) (4.23)

Estimate of the term A in (4.17). Before starting the estimate of the term
A in (4.17), we need the following definition.

Definition 4.4. Given a finite connected subset A4 of Z¢ a path
choice in A is a collection A= {A,.:(x,z)eAx A} such that 1 is a self-
avoiding path from x to z inside /4.
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Given a path choice A in 4, and V=4 we let W= A\V and

Gy(A)=max #{(x,z)eVxW: i, e}

eed,

9y(A)= max |4
(x,2)eVxW

x|

Now we claim that for some constant C,(f), the quantity A4 defined in
(4.18) satisfies, for all path choices,

412
ASCD) N D DU T DA =N+ 1)
X Ty G,(0) Y L(Vef)] (4.24)

e=&,

Once we prove inequality (4.24), the proof of Proposition 4.3 (and so of
Lemma 4.1) easily follows: For statement (1) we just observe that the big
fraction in (4.24) is less than 1, and that trivially %, (1) <|V||W],
P,(A) < 4], for any path choice. Statement (2) is a bit more complicated.
If the geometry is like in statement (2) we then use the following path
choice. Given x€ V and ze W start increasing (or decreasing) the first
coordinate of x until it is equal to the first coordinate of z. Then adjust the
second coordinate and so on until you get to z. With this particular path
choice it is easy to see that %,(A) < L?*!. Assume in fact that the path 4
contains the edge e = [u, v] where u and v differ in the jth coordinate. This
means that x;=u, for all i>j and z,=u; for all i< j. So the number of
possible pairs (x, z) is not greater than L/ LY=/+!=L9+! Moreover with
this geometry the big fraction is less than 4[(N+1)(|4]—N+1)]~! and
9, (1)<dL. So we are left with the

Proof of Inequality (4.24). Since

1

Ci (x,z)eVxw

we can use the Schwarz inequality and obtain

. 1 ; . : 12
A+(l)2: - Z V[szf|NV:l’ Exz] V[Exz|NV:l]
i (x,2)eVxW
1
: Z V'[szleV:iﬂ Exz]zl}[EleNV:i] (425)

I (x,z2)eVxW

<
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Moreover c; and ¢} are increasing in i. Thus, by (4.25) and the corresponding
inequality for 4 _(i)?, we obtain

Lul 1 N
A<— Z Pi—lAz_(i)"'* Z piA2+(i)
Cu j—1 U i=|lul+1
1
<— Y Y. (4.26)
C

U (x,z)eVxWw
where

N
= Z V[szf | NV:ia Exz:|2 V'[Exza NV: l]

+ Z V[szf|NV_l sz]Zv[ zXo V_l]

i=0

If we denote by %,, the sigma-algebra generated by 7z,, 7, and N, we can
use the Schwarz inequality and we find

Yoo =Vi(Ve [ 1 B)? 1< V(Y )7 | Ba) 1 = VIV /)?] (4.27)

Let ¢, ,: 2 — Q be the transformation that moves a particle from x to z
if this is possible, i.e.,

t,.,0 if o€k,
tx ~z0= :
o otherwise

and let T, ,f=fot,_,. Then we have (V. f)>=(T,...f—f)>+
(Tz—>xf_f')29 thus

Yo =9[(Ter. f = fP1+I(Ts o f = 1)?]

Let now /4 be any path choice. Thanks to Lemma 4.3 in [ Y] we get that
there exists C5(f) such that

V(T f =PI C(P) |2l X VLV )?]

e A,

which, together with (4.26), (4.22) and the definition of %,(1) and 2,(4),
proves inequality (4.24) and by consequence Proposition 4.3 and Proposi-
tion 4.1. |
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4.3. Extension to all Boundary Conditions and all Values of L

Arbitrary Boundary Condition. Let teQ be an arbitrary
boundary condition. Then, letting h*=exp(HZ — HY), we have for all
o€, such that N, (a)=N,

Vi ~(0) _ uy(o) _ h*(o) <o |HY—HZP |, < e4ap 1041
vE o) wf(o) pg(h)

Analogously we find

vy N(a)
V%N(O')

—4dp (04|

\Y

e

therefore, from (2.14) we get

—12dp ||

gap(Ly y)=e gap(LZ )

Thus changing the boundary condition from free to ¢ amounts to changing
the constant o« in the lower bound (2.15)

Arbitrary Values of L. The recursive inequality (4.1) shows that
for all integers L

a(Qar) <a(0y)

By an oversimplified version of the arguments leading to (4.1), one easily
proves that for any connected set 4 and any x¢ A such that A4 {x} is
connected

sup gap(LZ,, . x) 7' < Csupgap(LZ )~ (4.28)
N N

for a suitable constant C. Thus, by simple iteration of (4.28), one gets
immediately

a(Qar 1) <€ a(Qyy) (4.29)

for a new constant k; depending on C. Define now a,, =Sup,ncy _n+1a(Qp).
Then, thanks to (4.1) and (4.29), we have
< ek k1)2”("—”a

a

n+1 n

so that a, < C'e®2""" and part (b) of Theorem 2.1 follows.
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4.4. The Case =0

Here we show how to recover the well known result (see [ LY ] for the
same result under much more general hypotheses) that if f=0 then

gap(Ly, ) >CL™? (4.30)

The proof of (4.30) is almost identical to the proof of the lower bound
(2.15). we just need to be a little extra careful in certain estimates. First of
all we notice that, since =0 we have

_ ,—BV._.H —
gxz_e 4 * AﬂEXZ_ﬂE

SO
Y V& fINy=i1=V[({(N—iQ), | Ny=i]=0
(x,z)eVxW

Therefore the B term in (4.18) is zero, and so statement (2) of Proposition 4.3
becomes

Ld+2

pin peL8() = gli= NP S Cpmpi— s 600 ) @431)

an

Assume now that we can prove that, when p,, is defined by (4.10), we have
for all functions g on {0, 1,.., N}

N(A4][=N)

Var(g)<16nT Y(pinpi_)lgli)—gli—=1)]1>  (432)

i=1

Then we would be pretty much done. In fact, from (4.31) and (4.32) we get
the following improvement of Lemma 4.1

Var,(i(f | Ny) < CL*(f. f) (4.33)
By consequence (4.8) becomes
Var,(f)<[a(Q}) + CL*] &(/. f)
which implies a(Q4+") <a(Q%)+ CL?, and so

a(Qrr)<a(Qr)+ dCL?
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If we let b, =a(Q,)/L* we then get

by
by <—+C'
STy +

which, iterated, show that the sequence b, is bounded, i.c., that the inverse
of the spectral gap is bounded by C” L% Thus we are left with the proof
of (4.32) which is more or less a straightforward computation. We have
A=Vou W with W a translate of V, so |4] is even and we set |4| =2R. We
can assume, by symmetry, that N < R. We proceed as in the proof of
Proposition 3.2, by introducing a continuous time Markov chain with rates
given by (3.2). So, with respect to the notation of Proposition 3.2 we get

AT 8MI2=161"2 (4.34)

where

< sup Y24

n<N2 i—0 Pn

)

thus, if we let J=N/2, i=J—x, and D=J(R—J)/R, we get

Since =0 we have

pi=V{N,=i}=

Pi i(R—N+i)

p; (R—i+1)N—i+1)

(J—x)(R—J—x)
(J+x+1)(R—J+x+1)

X X i
< 1_7 1_7 < —(J—1i)/D
< J>< R—J> ¢

Therefore, for all j < J,

lk
D,
J

Pi—k

i

o —k(k—1)/2D)

-1 1 k—
(J—i+j)}<exp{— Y

=0

SeXp{

S|
~.
Il
<) —
[
Il
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Finally we can estimate /! by

I71< Z p”*kgz_;_ Z e~ kk—1/2D) _ 9 4 Z o —klk+1)/(2D)
k=0 Pn k=2 k=1
S ” N(A[—N)
<2+ e"‘z/‘w)<2+j =D « fopp— [p LT
Z 0 Vb ]

which, together with (4.34) implies (4.32).

5. GEOMETRIC RESULTS

In this section we derive some geometric results that will be used in the
proof of the upper bound (2.16) which appears in part (b) of Theorem 2.1.
The main goal is to prove Proposition 5.4. Most of the results contained
in this and in the next sections have analogous versions in the paper [ PV]
which addresses in great generality the problem of the large deviations in
the 2-dimensional Ising model. Unfortunately, in most cases, we cannot
make direct references to results contained in this paper since our setting
is different.

We denote by Z the set of all rectifiable curves y € R? such that y is
either a closed curve inside the unit open square Q= {(x, y)eR*
0<w<1,0<y<1} oritisan open curve, which, with the exception of its
endpoints, is entirely contained in Q. The collection of (finite or countable)
families of curves in £ will be denoted by Z*. Given a family ye Z* we
fix an arbitrary point x,€ Q in such a way that x, does not lie on any
curve of y, and we define the set 4, as the union of those points x € Q such
that any path connecting x with x, has a odd number of intersections
(counting multiplicities) with y, provided that this number is finite. We also
let B,= O\4, and we can always assume that x, has been chosen such that

|4, <|B,]

where |X| denotes the (Lebesgue) volume of any measurable subset
X = R? We define the phase volume of the family y as

V(y)=14,]
Given >0 we also define the Wulff functional W: 2+ [0, o] as (we
omit the dependence of W on f)

W) = oyl ds

b
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where s is the length parameter of the curve y, 77, is the unit normal vector
to the curve y at the point s, and 74(7i,) is the surface tension (see for
instance [ DKS]) at inverse temperature . We extend 74 to a function on
R? by setting

X
T/g( ) |x|2fﬂ<| | > XERZ
2

The surface tension of the two dimensional Ising model can be computed
exactly [A], [ABSZ]. What we will use are the following two properties
(the first one is actually a general consequence of the second Griffith
inequality. See (6.29) in [ P])

(1) For all x, ye R* we have t4(x + y) <74(x) + 74(»)
(2) 4((1,0)) <7ph(x) for all x such that |x|[,=1.

We extend the Wulff functional from & to Z*, by letting

Wiy)=> Wy  yez*

yey

We finally define the function ¢(v), 0 <v < o0, as

_(v)_{mf{ W(y): ye Z*, V(y) =v} it 0<v<i 5.1)

(172) if l<v

The value @(v) can be computed exactly (see [ Sh] where however there is
a mistake in the expression for @(v) due to a misprint) and the result is

=1w( /v A /v,) (5.2)
where the constant w is defined as w= W(y,,) and y,, is the Wulff curve
(see, e.g., [Sh] or [ DKS]) which depends on f and it is characterized by
the fact that it is the unique solution to the following variational problem

= W(y,,) =min{ W(y): y is a closed curve enclosing a unit area} (5.3)
The singularity point v, satisfies the equation

%W vy =14((1,0)) (5.4)

It is fairly easy to show that the infimum in (5.1) is attained when y is a
single curve which corresponds to
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(1) a quarter of a Wulff shape centered at one of the four corners of
Q0 if v<y,

(2) a unit (horizontal or vertical) segment if v > v,.

We set then

L(v)={yeZ:V(y)=v, W(y)=0(v)} (5.5)

In the following proposition we prove a stability property of the variational
problem (5.1) which will be used later.

Proposition 5.1. Let ve(0,1/2]. For all £>0 there is a d=
(e, v) >0 such that if ye Z* satisfies V(y) =v and W(y) < @(v)+J, then
there exists v' € (0, 1/2] with |[v —v'| <¢ and y, €y such that

inf  dy(y,, 7)< and Y V(y)<e

T,
yerl, (") yey iy £

Proof. The proof relies on the following preliminary results, Lemma 5.2
and Lemma 5.3

Lemma 5.2, letv;e(0,1/2] for i=1,..,n, and let v=>"_, v,. Then

i=1"Yi*

S #(0)) > p(v)

i=1 i
Proof. We can assume v; > v,= --- =0,,.

Case 1: v,<v,. In this case we can write

1 v v
2 \ﬁ v,

Case 2: v,>v,. Let s be such that v,= --- Zv,Zvo>v,,,> ---
>v,,. Then

S @lv) - L_lx/%+ > f}

i=1 i=s+1

ERCP A AN EN

'M=
NM—‘
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Lemma 5.3. For all ve(0,1/2], all £>0 there exists d'(¢, v) >0
such that for all ye 2 with V(y)=v and W(y) < @(v) + ' we have

inf dy(y,))<e

v el (v)

Proof. This statement follows from a simple compactness argument.
For a proof see Lemma 12.4 in [ PV].

We can finally prove 5.1. Let y = {y,, 75,...}, let v;=V(y;) and assume
v, =v,>= ---. Let also B

v=>v, and a=) v
i i=2

Clearly v' = v. Thus, by Lemma 5.2, we have

W) =3 W) =Y 00) = 9(v) ﬂ

> @(v) 1+vﬁ>¢(v) <1 +%(a A ﬂ))

1

Let as be defined by ¢(v)(as A \/as)/4= 0. The hypothesis W(y) < ¢(v) + 0
then implies a < az;. Choose then J > 0 such that

(1) as<e
(2) @(vy+as)+d<@(v;)+9', where ¢’ is the quantity defined in
Lemma 5.3.

Since v <v' =v, +a, and a <ay, we have
W) <@(v)+0<p(vy +as)+0 <@(v,) + 0’

and so we can conclude by using Lemma 5.3 and the fact that v —uv,| <
as<e |

We define now a subset U< Q. Our choice is somehow arbitrary. We
could have chosen any other set for which Proposition 5.4 holds. Divide Q
into 16 equal squares of side 1/4 an call these squares

Al, A2,.., B1, B2,..., D4
as in a chessboard. Then we define (see Fig. 1)

U=A410BluB2uCluC2uDluD2uD3 (5.6)
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Fig. 1. The set U.

We let Vi (y) = |A?m Ul and
Vi) ={Vy(y):yel,(v)}
In other words V¥ (v) is the collections of all the possible values |4, U]

when y is such that it minimizes the quantity @(v). Let now

Y(v) = (5.7)

- inf{ W(y): ye Z*, V(y) =v, Vy(y) = v/2} if 0<v<i
{lﬁ(lﬂ) if l<w

We now state the main result of this section.

Proposition 5.4. For all ve (0, 1/2] we have y/(v) > @(v).

Proof. Proposition 5.4 follows from Proposition 5.5 given below plus
the observation that for all ve (0, 1/2] there exists &(v) such that if
[v" —v| <& then d(v/2, V(') >e.

Proposition 5.5. Let ve(0,1/2]. For all ¢>0 there is a J,=
d1(e, v) >0 such that if y e Z* satisfies V(y) =v and W(y) <@(v)+J;, then
there exists v' € (0, 1/2] with [v—v'| <e and d(Vy(y), VE(v')) <e.

Proof. s it easy to see that, for all y;, y, in & we have

Vi (y1) = Vo)l <kdg(y1, y2)Ura | A 1y2])

for some universal constant k. So in particular, if y, e I",(v) then

Vi (y1) = V()| <k du(y1, 72)

where k, equals k times the maximum length of a Wulff curve.
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For ¢ >0 let then (&, v) = d(¢', v) where J is defined in Proposition 5.1
and & =¢/(1 +k,). Assume that V(y)=v and W(y)<@(v)+J,;, Thanks
to Proposition 5.1 we know that there is y, €7y, v'e(v—¢,v+¢') and
7w € I,(v") such that dy(y, ) <é& and 3, .., V(y) <e. This implies

IVu(y1) = Vu(y,)l <k &

and

|\/U(2’)—\/U(71)|< Z V(y)<e

yEYIYFEY
Thus we get
Vy() = Vo)< +k)e'<e |

We conclude this section with two results which will be used in the proof
of Lemma 6.6.

Proposition 5.6. Far all ve(0,1/2], >0 there exists 6 >0 such
that if W(y ) <y(v)—e then

IV(p)—ol +|Vy(y) —v/2| >0

Sketch of the Proof. Assume the statement to be false. Then there
exists some v e (0, 1/2], e > 0 such that for all 0 > 0 there is y € * such that

IV(y) = ol + [V (p) —v/2] <0

But if this is true we can easily construct a new y’, by adding to y two small
closed curves of appropriate areas, such that

(1) V(y')=vand Vy(y')=0/2

(2) W)<W()+C /5

So if ¢ is small enough we use the definition of (v) and we get a contra-
diction. ||

For v, we [0, 1/2] we define the quantities

m*(v)=m*(1 —2v)
m=(v) = —m*(1 —2v)
mg(w)=2m*(1/2 —2w)
mg(w)=—2m*(1/2 —2w)
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To understand why we introduce these quantities, let v=V(y) and let
w=Vy(y). If the set 4, had a uniform “magnetization density” —m* and
the set B, had a uniform magnetization density +m*, then ™ (v) would
be the magnetization in Q and i}, the magnetization in U. If viceversa
we have +m™* on 4, and —m™ on B, then we get M~ (v) and 71 (w) as
the respective magnetizations on Q and U. For any me [0, m*] we let
o(m)=@(v) and y(m) =1 (v) where v is such that m=ri*(v).

Proposition 5.7. Let ve(0,1/2], 6>0, and let m=m™*(v). If
either

lm—m*(0")] + |m—r (W) <o

or

A

m—m= (V)| +|m—mg(w')| <o

then we have
20
[v—20"| + |v/2—w'| <ﬁ
We omit the elementary proof.

6. PROOF OF THE UPPER BOUND

In this section we prove the upper bound (2.16) which appears in part
(b) of Theorem 2.1. The proof proceeds along the following steps: first we
show that, roughly, (see (6.16) for a precise statement)

WP mg (0) ~m, my (c) ~m}

g2 {mg,(0) ~mj

gap(Lg )< CL (6.1)

where U, is the rescaled version of the set U defined in the previous section
and, for a finite volume A, we let m (o) =|A4|"' 3, . 0(x). Inequality
(6.1) comes from the variational characterization of the spectral gap given
in (2.14) when one uses an appropriate “trial function”. Next we show that

w2 ime, (@) ~m,my (a) ~m} <e V™ * (6.2)
and that

Wp2img,(a) ~m} et (6.3)
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where ¢ and  were defined just before Proposition 5.7. Finally we use
Proposition 5.4, and we are done. The upper bound (6.2) is proven along
the lines of similar results in [I] and [CGMS]. The lower bound (6.3) is
a local large deviation type of result and its proof requires a more recent
technology developed in [IS].

6.1. Contours, Skeletons
Below we define contours and skeletons and summarize some of their
properties. For a more detailed exposition see, for instance [ CGMS].

Contours. We use the contour representation with the so called
splitting rules. Given a configuration g € 2, a generalized boundary condi-
tion € Q (see Section 2), and 4 = = Z¢ we define %" (a) as the set of all
unsatisfied edges in &,, ie., if p =07, then

B'(o)={e*=[x,y]*ed ,: p(x) p(y)=—1}

If the b.c. n is + (or —), then #”(o) is closed, while in general it has a
nonempty boundary. It is useful to decompose %’ (o) and, in general, any
arbitrary set X of dual edges as a collection of contours y;

X=py,0 - Uy, (6.4)

which have the advantage that they can be associated with simple self-
avoiding (open or closed) curves in R If #"(g)=y,uU --- Uy, is the
decomposition in contours, we let

g’/il(a)z {yl""r yn} (65)

Decomposition (6.4) is intuitively obtained by cutting all three and four
edges meetings, along the south-west to north-east direction (see [ CGMS]]
for details). Figure 2 shows a set of edges on the left and the corresponding
collection of contours on the right.

34 ol o e
= ﬂmfiDE

Fig. 2. A collection of edges (left) is split into a collection of contours (right).
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Given a set E of edges (or dual edges), a contour y in E is a finite
sequence of sites y = (xy,.., X,,) with [x;, x;,, ;] € E and subject to certain
selfavoiding constraints [CGMS]. If x; =x, the contour is called closed,
otherwise it is open. The boundary 6y of a contour is given by the usual
boundary of y when y is thought of as a set of edges. Thus Jy can either
be empty or consist of pair of sites. Given a collection of contours
Y ={ V15 Vu}» its boundary oy is defined as

A notion of compatibility between contours can be introduced in such a
way that, for each simply connected finite volume 4 and for each 7€ Q,
7 #0, the mapping 7, is one-to-one from 2 , onto the set of all compatible
collections of contours with a given boundary determined by z. If, on the
other side, one considers free boundary conditions then the mapping 4%
is two-to-one from Q2 , onto the set of all compatible collections of con-
tours. We let C% , be the image of 47, i.e., the set of all compatible collec-
tions of contours, in the volume 4 with generalized boundary condition .
In particular we have that C%  consists of all compatible collections of
contours y such that (remember definition (2.1) and the definition of ¥7(-)
given in Section 2)

(1) l/cg’ " \oA4
(2) For all yey, we have that y is either closed or open with
oy (0A)

A compatible collection of contours y splits 4 into the disjoint union A =
A,U B, such that if ¢ is the configuration corresponding to y (e, if
4"(c)=y), then ¢ is constant on both A4, and B,. We assume that
|4,|<|B,|. It can be shown that for each ye C¥% . there exists 4°(y) = 4
such that

{yc99} ={o(x)=+1 Vxed,n 4%(y) and a(x) = — 1V xe B,n 4%(y)}

Ulo(x)=—1Vxed,n4%(y) and o(x)= +1Vxe B,n4%(y)}
(6.6)

The set 4°%(y) consists of all sites x such that dy(x, y) =1/2 plus some of the
sites x such that dy(x, y) =1 /ﬂ [CGMS]. We then define

A5=A\(y)  By=B\A%y) (6.7)
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In other words, knowing that y is a subset of the set of all contours is
equivalent to knowing that ¢ = +1 on one “side” of y and o= —1 on the
opposite side, or viceversa. A contour y is said to be s-large if diam(y) > s.
For any compatible collection of s-large contours y in 4, we let

E,={ceQ,:yis the set of all s-large contours of g} (6.8)

We also define

10 =1 Ey= ) (69)

i.e., the subscript s means that the measure is conditioned to have only
s-short contours. A generalized boundary condition # is called of type
(s, +) if #=0 and there is a sequence of consecutive +1 spins in %4
whose length is at least s. Given a generalized boundary condition # and
a volume A we define another (generalized) b.c. #74 (or %), by

n(x) if xedA

77+’A(x)={i £ ved (6.10)

Skeletons. Given a sequence (u,....,, u,) of dual sites, we denote by
P=[uy,.., u,] the polygon

n

[ul""’ un] = U [ui—la ui]

i=2

If u;=u, P is said to be closed (0P = ¢J), otherwise it is open and its
boundary is 0P = {u,, u,}. P is called a s-skeleton if

S .
5<|ui+1_ui|o@<zs Vi=1,.,n—1

Given now a contour y we say that y is consistent with an s-skeleton
P=[u,,..,u,], and we write y ~ P, if
(1) All vertices of P lie on y
(i) oy=o0P
(ili) dy(y, P)<s
It is easy to check that for each contour y with diam(y) >s, there always

exists a s-skeleton S consistent with y. In particular, it is always possible to
associate a particular s-skeleton S to any s-large contour y. We assume that
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a definite choice has been made once and for all, and S,(y) denotes the
skeleton of y. We extend the mapping S, to collections of contours by

S’S(_y) ={S(y): y is s-large} (6.11)

(;riven AeF and yeQ we also (improperly) define, for ceQ,, S (o) =
S(%"(0)). Finally, given a set of skeletons & = {S,,.., S,} we let

E(S)={ceQ,:S(s)=5}

We also set

where, for any s-skeleton S'=1[xq,..., X; ],

k
W(S = Z 1 1—1)

In the following two propositions we collect some results which will be
used later.

Proposition 6.1. Let AccZ? and let ye C¥ Q be a compatible
collection of s-large contours. Then if F,e %, 45 and F e/Bo we have
(remember (6.10))

:uAg(FAmFB|E) 2[ﬂA° (FA):uB° (FB)+:uA° (FA)IUB" (FB)]

Proof. The result easily follows from the identity (6.6) and from the
DLR compatibility conditions.

Proposition 6.2. Let AccZ? Vcd, Vo=V\0,V (remember
the definition preceding (2.1)) and Fe %;.. Then

min min W, (F) <y (F)<max max  up (F)
ece+ W:VecWcV ec+ W:V°cWcV

If, moreover, 7 is of type (s, +), then

min P (F)<u” (F)<  max + (F
W:VOchV'uW’S( ) S )\W:VochV'uW’S( )
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[F contours

Fig. 3. An example of how to construct the ~-path of Proposition 6.2.

Proof. Given a site xeZ9 we let x™, x", x*, x* be the 4 next-to-
nearest neighbors of x, where nw means north-west and so on. The set
(X, x,) 18 called a ~-path if either x,,, is a nearest neighbor of x;, or
X;p1=x7"or x;,, =x7. Let

5V: oYV u U {XSW, xme}

xedV
Now we claim that either (see Fig. 3)

(i) there is a ~-path of +1 spins in d,, VU dV encircling V°, or
(i) there is a ~-path of —1 spins in 0., U dV encircling V°.

In fact, if neither (i) nor (ii) hold then there are both a ~-path of +1 spins
and a ~-path of —1 spins connecting 0* V" with V7°. We then observe that
the splitting rules assure that a ~-path of +1 (or —1) spins never crosses
a contour. This implies that there exists a contour which separates the two
paths connecting 0* V7 with 77°. Thus this contour has a diameter of at
least 25 which is 4"  -almost surely forbidden. Therefore we define %(a) as
the most external ~-path of +1 or —1 spins which surrounds V° and we
can write

infu”, (F|%(0)=%)<u" (F)<supu’, (F|%(c)=%)
€ %
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The proof is then completed by a standard argument based on the DLR
property of the Gibbs measures. In order to prove the last statement we
only need to observe that if the boundary condition is of type (s, +) then
the alternative (ii) is not allowed, because otherwise there would be a long
contour separating the ~-path of —1 spins from a stretch of consecutive
+1 spins in the boundary condition whose length is at least s. ||

6.2. Proof of the Upper Bound

Throughout this subsection we assume to have chosen once and for all
the skeleton scale as

s(Ly=L"* p<i (6.12)

For simplicity we assume L to be a multiple of four. In this way there no
ambiguity when we define the macroscopically rescaled version of the set U
defined in (5.6)

Up={(Lx, Ly) = (3, }): (x, ») e U} n Z°
The volume of U, is |U, | = L?*/2. Consider then the trial function
flo) =1 Ny, (o) <LAN7/21} (6.13)

If we plug f, in the variational characterization of the gap (2.14) we get
that the Dirichlet form can be bounded from above by

while the variance VargL’ aml f1) tends to 1/4 as L — oo. Define now the
event

M7= {|mg (0) —m| <10/L? |my (o) —m| < 10/L?} (6.15)
From equation (6.14) we get
ﬂéLg{NQL(U) =AN7, NUL(O') = A7/21}
1 2{Ng, ()= N7}
WoP(M7T)

L

ﬂng{NQL(U) = J‘/an}

gap(LG ) <CL

<CL

(6.16)

for a suitable positive constant C.
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Remark. In [PV] the authors consider the conditional probability
measures /(| A(m, ¢)) where

A(m, ¢)={|Ng,(0) = N[ <|Qr| L™}

ce (0, 1/4) and 7 is a fairly arbitrary boundary condition. Their results are
however insufficient for our purposes, since we need to condition to the event
of having a precise number of particles. The upper bound of Theorem 2.1
then follows form Proposition 5.4 and from Theorems 6.3, Proposition 6.4
given below.

Theorem 6.3. Let f>pf,, me(—m*(f), m*(f)), and let A7) =
L(1+m)|Q.|/2 Then

lim —*log[ug Z{Ng, = N7} ]1=0(m)

L—

The proof is given in the next section.

Proposition 6.4. Let >, and me(—m*(f), m*(f)). Then

lim 1nf—f log uf} ‘3( M) = (m)

Lo
Proof. Given now 0 <d <y(m), we define the event
Ks={a: W(S(a))=(y(m)—6) L}
and write
W27 <pls 2 K+l 2 (K,) (6.17)

In order to estimate the second term we can use Lemma 5.2 in [ CGMS]
which says that

lim 1nf—l log ,u (K[;) =y(m)—

L — ©

Next we want to prove that

1
hmmf——log,u (Q%'L”|K§)=+oo (6.18)

L—
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We denote by R; ; the set of all compatible collections of (free boundary
conditions) s-large contours y in Q;, such that W(S$ ( ) < (Y(m)—90) L
We also let

E,={0€Qy, : yis the set of all s-large contours for g}
We can then write

W27 1 K5) < sup w2 M7 | E,) (6.19)

yeRa L

Bound on (6.19) when y # .
Assume y # .

Definition 6.5. Given a positive integer L and ¢ >0 and a collec-
tion of large contours y, we say that o € E, produces a d-natural magnetiza-

tion pattern (in Q) if either (remember (2.2))

(1) (Mg t0% LA+ Mg g+ % 1430 Ul 4 | My~ m® 1B
+|Mpe g, — —m*|Byn U, || <dL or

(2) |MA;—m |A§|| + |MA;nUL_M* |A§r\ Upll + |]‘415':‘;'|"”>l< |B§||
+ |MB;n v, +m* |B§m Ull<oL?
We let E~"* the subset of all the configurations in E, which correspond
to a J-natural magnetization pattern. )

The following two results, Lemma 6.6 and Lemma 6.7 are now suf-
ficient for finding an appropriate upper bound on the RHS of (6.19).

Lemma 6.6. Foralld>0,me [0, m*(f)) there exist ' =0'(f, m, J)
and Lo = Lo(, m, 6) such that for all L> L, and for all ye R; ;, we have

M AE, < (ES = maye

Lemma 6.7. For all >0, me [0, m*(f)) there exist ¢ =c(f, m, J)
>0 and L= Lo(f, m, 9) such that for all L> L, and for all ye R, ,

W P((ES=m) | E,) < e FhEr (6.20)

Proof of Lemma 6.6. Assume yeR; ;, y#J and let ¥ = S( ).
Since W(¥)<(Y(m)—d) L we have that the length of % cannot exceed
C,L (C, depends on f and m). But since dy (%, y) <s(L), we get that the
length of y cannot exceed C,s(L) L, so B

|4*(y)| < Css(L) L (6.21)
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Assume now to have a J’-natural magnetization pattern for some ¢’ > 0.
For simplicity we assume that statement (1) of Definition 6.5 holds. The
case when (2) holds is analogous. Let then

1
v=<1—m> so that m = rh*(v) (6.22)

m*
and
v =|A°|/L2, w,=4nU |/L2,
e SR (6.23)
Uy = |A5f|/L2, wy=[A4g40 UL|/L2

Then we have

Mo, =Mz + Mp;+ My =My, +Mp, (6.24)
MUL:MA;n UL+MB;nUL+MAS(_y)nUL:MAy,n UL+MByn UL

From (6.23), (6.24), and from the assumption of having a J'-natural
magnetization pattern, we obtain

|mQL_m+(Ul)| + |mUL—m$(W1)| <9+ Css(L)/L

If [my —m|<10/L? and |my, —m|<10/L* and L is large enough, the
previous inequality becomes

lm—m ™ (v)] + [m — g (wy)] <20 (6.25)

From Proposition 5.7 we find now

’

[v—0v, |+ ]02—w| < (6.26)

m*

On the other side, since W(.%) < /(m) — J, by rescaling and by Proposition 5.6
we get that there exists 0" =d"(m, J) such that

10— vy |+ [0/2 — Wy | > 0" (6.27)

Finally from the definition of skeletons it follows (see for instance Lemma 5.13
of [DKS]) that

L L
|v1—vz|<C4¥ and |M/1—W2|<C4¥ (6.28)
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for some universal constant C,. Inequalities (6.26), (6.27) and (6.28) clearly
generate a contradiction if, say, 40’/m* <0"/10 and C,s(L)/L <0"/10. |

Proof of Lemma 6.7. We can write
E(S nat __ Yl U Y2

where Y; is the event that statement (i) of the Definition 6.5 holds. Also,
we have

where G} = { |MA;+m* |451] = 0L?/4} and so on. Thus

(Ej’nm)c:(n)cﬁ(Yz)c: U

So, in order to estimate the LHS of (6.20) it is enough to find an
appropriate upper bound for each term

WG] A G E)

We show now how to deal with one of them, say the G} n G5 term, since
the others can be treated analogously. Using proposition 6.1 and the spin
flip summetry, we get

WE2(GY N GE| Ey) = uh 2| M i+ m* | 45| > 0L2/4)
m{|MB°mUL+m* B ULl|} =0L%/4 | E,)
= 3G (M g+ m* | 43| > 5L74)
< (| Mgz o, +m* |B3n U, || > 5L%/4)
3G (M4 m* |45 2 0L2/4)
Xﬂg°g+ QL |MB;mUL+m* |B;ﬁ UL|| >0L%/4)
<358 (Mo, +m* B30 U, || > 6L%4)

3G (M m* |45 > 0L/4)

=315 2 (IM e g, —m* B30 U, || > 6L%4)

nUp

Q o)
32 (I M —m* | 451 > 0L/4)
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From this inequality and similar ones for the other terms we get

pEP(ES™™ ) | E)<8 Y. [uh 2" {|Mp—m* |D|| > (6/4) L7}
D:A;,B;
+ub 2"\ Mp g, —m* | D ULl > (6/4) L2} ]
(6.29)

Notice then that since y is a collection of s-large contours, the boundary
condition ¢f** 2 which appears in the Gibbs measures on the right hand
side of (6.29) is of type (s, +). Also we can assume that each of the four
sets A7, By, A;n Uy and B;n U, has a volume at least (5/8) L2, otherwise
the corresponding term in (6.29) would be zero. Finally, since y € R; ; the
length of y cannot exceed C, Ls(L) and, by consequence, the length of the
boundary of each of the four sets under consideration is bounded by
C, Ls(L). So we can apply Proposition 6.8 given below and we obtain

L@((Ei;—nat)c | E}}) < 32€_CL2/S(L)2 I

"

Proposition 6.8. Let o, ¢>0 and let L be a positive integer.
Consider a finite volume 4 with a boundary condition # type (s(L), +).
Let also V< A be such that

(i) [V]=al?

(i) |0V|<c¢; L”/s(L) where y <2 and ¢, is a positive constant. Then
there exists ¢ = c(a, &, , ) >0 such that if L is big enough

1 Imy (o) —m*| > e} < e LY (6.30)

Proof. The hypothesis (i) and (ii) on V guarantee that, for L large
enough,

3
|V°|=|V\8SV|>ZO(L2 (631)
and
&
|my(0) —my(a)]| <§ (6.32)

we thus have that the LHS of (6.30) can be bounded from above by

it {imeto)—mi1 =Sk < max e imyeto)-mi12E) (639

=
W VecWcV 2
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where in the second inequality we used Proposition 6.2. By construction
the set W where the maximum is attained satisfies |W|>3a/4 L? and
|[WA\V°| <|0,V| <c; L” so that, for L large enough,

&
lmy(a) —my(al <Z
and the RHS of (6.33) can be bounded from above by

&
<ul {imwto)—m* =5}

T R p e TR

<pb A dmp (o) <m* —— 4 +
'uW’x{ w(©) w5+ {all contours are small}

Using Lemma 3.1 of [I], we have that there exists a constant ¢ =
c'(a, €) >0 such that

& , L?
Wit {mW(a) <m* —4} <exp { —c s(L)z} (6.35)

We now bound the other term. By construction [0W|< |0,V |+ [0V]<
¢, L7 where ¢, is a suitable positive constant, for any L large enough, we
can use inequality (4.8) in [I] and get that there exists a constant ¢” =
c"(a, & 7, f) >0 such that

i {m (o) =m* +Z} <exp { —c¢" L2} (6.36)

We finally estimate the denominator in (6.34). We have

wh +{all contours are small}
> 1 —uk *{there exists a *-path of — spins with diameter >s(L)}

> 1 —u# *{there exists a x-path of — spins with diameter >s(L)}
(6.37)

where we have used the FKG property [ FKG] in the second inequality
and u% * denotes the infinite volume plus phase. Finally, using the result
of [CCS], we have that the right hand side of (6.37) tends to one as
L — oo. If we now combine (6.35)—(6.37) we obtain (6.30). ||
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Bound on (6.19) when y=¢J. In this case we write
WP MY | Egy) = pla P (M) <3 P A Img, —m| < 10/L2} (6.38)
Let O = 0;\0,,0;. Then, if L is large enough, we have
/1QL I{Img, —m| <10/L?} <ﬂ%§’s{lsz—ml <9s(L)/L} (6.39)
Thanks to Proposition 6.2 we obtain

RHS of (6.39)<  max  uy, {|mgs_,,| <9s(L)/L}

W: Q=W

+ max o Slmoe .| <9s(L)/L
X A ] <OS(L)/L]

We can now use Proposition 6.8 plus spin-flip symmetry and the fact that
me [0, m*), and we get

“QL {|mQ —m| < 10/L2}<e—cL2/s<L)2 [

7. A LOCAL LARGE-DEVIATION RESULT

Here we prove Theorem 6.3 following [ IS]. We start with a result on
the decay of the connectivity function for the d=2, ¢=2 FK random
cluster model, which improves the results in [CCS].

7.1. Decay of Connectivity for the FK Measures with Wired
Boundary Conditions

We consider here the FK “random cluster” model. We refer the reader
to [ FK] (see also [ Pi] where some useful properties are discussed).
Given 9 <&, and an element o of the FK-configuration space
QF*=1{0,1}“, we say that an edge ee ¥ is occupied (empty) for w, or
simply FK occupied (FK empty), if w(e) =1 (w(e) =0). We then denote by
,uF KB Dyl &Py the standard FK-measure on Q%X with parameters
=1—exp(—2p), ¢=2 and with free (wired) boundary conditions (see,
e. g [Pi] for more details). To simplify the notation, for any 4 = < Z% we
will sometimes write u’/ @ instead of ug#% and pf#" instead of
uz AK Aw_ The following duality property of the FK model pldys an impor-
tant role in the arguments of [IS]. Given we QLK let w* e QLXK be such
that

w*(e*)=1—w(e) Vee @
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Using the above mapping, any FK-measure on Q%% can be identified with
a FK-measure on QZX. In particular we have

W)

=uEE P (w¥) and  uEEPMw) =5 9(w*)  (7.0)
where the dual inverse temperature f* is given by the Krammer—Wannier
equation

e? = tanh p*

Notice that f* <pf,. as long as > pf.. We will also use the following
monotonicity property of the FK measures: let Uc V<< 7% and let f be
a nondecreasing function on Qf,;?’; . Then (see, for instance [ Pi] for a proof)

1y 2 <uy PN <pds () <ugt(f) (7.2)

For A == 7%and x, y € A we define {x 4 y} as the event that x is connected
to y by a path of bonds in &, which are FK-occupied. What we want to
prove is the exponential decay of the connectivity function

FK/iw{xA)y}

W y)=pn
Notice that {x 4 »} means that there is a connection which makes no use
of the “boundary cluster”, otherwise the result would clearly be false. In
[CCS] it has been proven that the free b.c. connectivity function, being
equal to the two-point correlation function of the Ising model, has
exponential decay for all < f5.. The wired case needs however a different
treatment (the FKG inequality says that %" > 1% 9). We also point out
that the following result has no “obvious” extension to the case d > 3.

Theorem 7.1. For all f<p, there exist C(f), m(f) >0 such that

for all L
g (x, y)<ce "Iy, ye Oy

Proof. We can assume that L is greater than some L,(f). For I< L,
denote by 4,(x) the event that the top side of the square Q,(x) is FK-con-
nected to the lower half of Q,, ie., to the set {ye Q,(x): y,<x,+L3/ 1},
by a path of FK-occupied bonds entirely contained in 6g,0x)- Let also A,(x)
be the event that the 4,(x) occurs modulo a rotation by k(7/2), k=0, 1, 2, 3,
i.e., that any side of Q,(x) is connected to the “furthest” half of the square
Let n=||x—y[/(2])]. It is then easy to see that the event {x L, v} is
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contained in the event .oZ,(/) defined as follows: there exists j>n and a
sequence of disjoint squares {Q,(x")}/_, inside O, such that

(a) xeQ(x') and ye 0 (x’)
(b) 3<d(Q(x"), Oy(x"* ) <IVi=1... j—1
)

(c) A,(x") occurs for each i=1--- .

Thus by an elementary Peierl’s argument we get

5, 1)< X (307 p WW(O fiz<x">> (73)

i=1
and, using (7.2)
i - i
o, " <~ﬂl A,<x')> <u{gi <Aﬂl Al(xl)>

—ﬂﬂgK(x”)w S(x7)) (7.4)

i=1

Thanks to Lemma 7.2 given below we can now choose / =/,(f) such that
(31 tgyoan " (Ay(x")) e ™! (7.5)

In this way we obtain

o0
Tng(xs y)< Z e*]gZe*n226*L|X*Y|/(210)J I

j=n
Lemma 7.2. Let f<p, Then, for any positive n

hm l,uFKﬁ "(A;)=0

Proof. The proof is, in turn, based on the following lemma quite
similar to an analogous result proved in [ MOS] for general finite range
two dimensional lattice spin systems.

Lemma 7.3. Let

Rl={x=(x1,x2)te:x2<\ﬂ}
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Consider the event B, that there is a connection inside R; between the top
side of R; and the bottom half of R;, defined as

{X (X1, X2) €0, X, < L\//ZJ}
If f <, there exist positive constants ¢ and /, such that
PP (B <l—e  VI=l,

We postpone the proof and complete instead the proof of Lemma 7.2.
Assume />9 and denote by R) the vertical translate of R, by the amount
| 2i f ], i=0, 1.... Notice that the rectangles Ri~! and R} are separated
by a strip of Wldth larger than 2. Then clearly the occurrence of the event
A, implies the occurrence of the event B, for each rectangle R} with
i=0,1,.., I_%ﬂj. Thus, if we use Lemma 7.3, we get that

HGoE P (A S pRe P (B IV S (1 —g) VI

for any />1/, A 9, where /, and ¢ are the constants given in Lemma 7.3.
Thus ,uFK Bw(4,) decays at least as a negative exponential of the square
root of the side / and the proposition follows at once from the trivial
inequality ,uFKﬁ "(A )<4,uFKﬁ v(4,). 1

Proof of Lemma 7.3. Let M={xeR,: x,=|./1]} be the hori-
zontal segment which splits R, into roughly two equal parts and, for any
given positive integer 6 < //2, let us divide M into a middle part M ;44 and
a lateral part M,,, as follows

My =M \M middle
Mmiddle:{xeM: 5<xl<1*5}

Accordingly we can write the event B as B = By,; U B qaie Where By, is the
event that the lateral part of M, My,,, is FK-connected to the top side of
R, and similarity for the event B, ;4q,.. Then, thanks to the FKG inequality,
we get

ﬂgf P¥(B)=1—puge (Bl 0 Boiaaie)

lat

<1 —Mﬁf{ P(BL) 1 P (Briadie) (7.6)

We now find lower bounds for both factors in the RHS of (7.6). The term
MR Bw(Be¢ ) is clearly bounded from below by the probability that all

lat
vertical bonds with one vertex on M, are not FK-occupied, that is

PV B) > e
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for a suitable constant C(f). Using the exponential decay of connectivity
for any f < f3, proved in [CCS], the term x5 ( Bgyqq,)- is bounded from
below by

luRI b W( mlddle)

=>1- ) ,ug(’ £ w(x is FK-connected to the boundary of R;)

X € Muiddle

>1-C(pf) Y e mPdxRDSL (7.7)

X € Mmiddle

provided that both ¢ and / are taken large enough depending on f. In con-
clusion the RHS of (7.6) is larger than 1 —1e=“#)? for any / and 6 large
enough. The proof of the lemma, and thus of Theorem 7.1, is complete. ||

7.2. Proof of Theorem 6.3.

For > ., let my(f) =m™*(B)(1 —2v,), where v, is defined in (5.4). In
Proposition 2.3 of [CGMS] (and in the following remark) it was already
proved that, under the same assumptions of Theorem 6.3 we have (remember

that A7 =L(1+m) [Qr|/2]),

1
lim ——log,u P No, = N7} =p(m)

L— o

with equality if m <m,. Thus we only have to consider the case me
(my, m*) and we must prove a lower bound of the form

‘u%LQ{NQL — '/Vln} > e~ Llo(m)+d(L)] (7.8)

with lim; , , d(L)=0. For this purpose we choose some m e (m,, m*)
once and for all, and we establish some useful notation. We set O, =
{xeR?*:d(x,0,)<1/2} =[0,L]*—(1/2,1/2) and we define 2% as the
set of all rectifiable curves y e O, such that y is open with one endpoint on
the left side of O, and the other one on the bottom side of Q;. Let 4% be
the set of all subsets 4 of &5, such that 4 connects the left side of O, w1th
its bottom side. Similarly, let %% be the set of all subsets 4 of é"Q such
that /4 connects the left side of O, with its bottom side. Since m € (m,, m*),
the set I",, defined in (5.5) consists of 4 curves and each of them is a quarter
of Wulff shape centered at one of the four corners of Q. One of these curves
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suitably rescaled belongs to 2% and we denote it by y%. We then let
w, =LY /log L and define the sets

TLz {xe QL sd(x, yY) < WL/2}

- (79)
Tp={xeQ,:d(x,y})<w.}

The difference T, \7T', consists of two disjoint “corridors”, which we denote
by T (the “internal” one, i.e., closer to the origin) and T¢ (the “external”
one). With this notation we then define the key event EX as the set of
all 0 e, such that

(Ey) ggL(a) (remember (6.5)) contains exactly one open contour y
such that ye 4% %, y= T, and |y| <kLlog L

(E,) and all the other contours have length smaller than k log L.

Then, following [IS], we write
WP INg, = N7} = uls P(ES) s P(Ng, = N | EX) (7.10)
and we estimate separately the two factors in the RHS of (7.10).

Proposition 7.4. Let f> .. Then we can choose the constant k in
such a way that there exists a positive constant ¢(f) such that, for any L
large enough

1 P(E%) > e~ Lotm —h) VILlogL

Proof. The proof follows word by word the proof of the analogous
statement discussed in Section 3.4 of [ IS], with some modifications due to
the fact that our geometry and our boundary conditions are different from
theirs. However, in our context, only two key points of the proof of [IS]
have to be reproved, namely Lemma 7.5 and Lemma 7.6 which appear
below. Once these results are available, the rest of the proof is an almost
literally transposition to our case of their arguments and, in order to avoid
useless repetitions, it will be skipped.

The strategy envisaged in [IS] to prove Proposition 7.4 can be
explained in simple terms:

(1) One first shows (see Lemma 7.5 below) that with probability
larger than e ~£?(™ —<®VLIoeL there exists 4 e %% © such that A< T, and
A* is FK-empty.

(2) Then one proves that with large probability there exist two FK-
clusters 4;, A,€ B%, such that 2,e T’ and 1,eT%.
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When both events in (1) and (2) happen then Z; and 4, belong to different
FK-clusters and therefore the associated Ising spins will have opposite sign
with probability 1/2. Thus, conditioned to the existence of a set A as in (1),
with large probability there will be a Peierls contour by ye B*:* with
yc T,. We are now ready to state our first result. Let %, be the event

%, ={34eB% " such that Ac T, and A* is FK-empty} (7.11)

Then we have (see Lemma 3.3.1 in [IS] for an analogous statement in the
case of plus boundary conditions).

Lemma 7.5. Let f> f.. Then there exists a positive constant c(f5)
such that, for any L large enough

PEK P D(G,) > e~ Lolm =) VILlogL

Proof. On the lattice Z* define the three mappings 9yerr, Fpor and
Jaiag to be the reflections around the lines in R? given by x= —3, y=—3
and y = —x — 1 respectively. For simplicity we denote with the same sym-
bol the induced mappings on the configuration space Q7%= {0, 1} “z? given
by Fyerd( @)X, ¥]) = O([ Fyere(X), Fvere( ¥) 1) and similarity for the others.

Let now Q7 =9,(0,) where # =vert, hor, diag, let 4=Q,u

FrUOYTU Q7 and let ¥ =48, U Eyuen U Eghor U Epane. Notice that ¥
contains all bonds in &, minus those connecting different 0 7’s. So, if 4 is
a negative event in {0, 1} %e, thanks to the monotonicity property (7.2)
and the symmetry of the FK-measures w.r.t. rotations of multiples of /2,
we have

)ugIL(’ b Q(A) :'uI;K, b Q(A N Svert(A) N 19hor(A) N 3diag(A ))1/4
>:uiK b Q("4 N ‘9vert(A) N ‘ghor(A) N ‘9diag(A))1/4

> Ui P (A O Gyer A) O Fnor(A) 0 Sagiag(A)) (7.12)

vert

We now apply the above result in order to get a lower bound on
oo P (%,). Remember that the unique Wulff curve yye 27 is a quarter
of the Wulff curve 7% in A, centered at the point (—31, —1) and enclosing
an area equal to 2L2(m* —m)/m*. Therefore, letting

T,={xed:dx,7¥)<w./2} (7.13)

we have that the event %, = {3 a loop 4 of dual bonds, inside T, around
the origin, such that 1* is FK-empty} (7.13) is clearly contained in the
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event 67 N Gyer(6r) N For Gr) N Y4iag(6r). Thus, thanks to (7.12) and using
Lemma 3.3.1 of [IS], we get

e (0 e (N R e I A TY

for a suitable constant ¢(f) and any L large enough. ||

The second estimate that we need is a bound on the dual FK connec-
tivity function and it is a key ingredient to carry out the second step of the
argument of [IS] (see the estimate above formula 3.4.5 there). Consider
the events

» ={31e B such that A<= T; and /. is FK-occupied} e c{ie}

Then we have the following result:

Lemma 7.6. Let f>f.. Then

lim uGeP2(Fp)=1 and lim uGer2(Fg)=1

L— o L—

Proof. We consider the event T , since the proof for T¢ is identical.
Let 7 _1=0,_1+(1/2,1/2) in such a way that (&p )* = (E)inl. Thanks to
the duality relationships (7.1), it is enough to prove that

Jim i 5 ((F)) ) =0

where the event ((F%)°)* is the dual of the complement of F’, and it
obviously implies the occurrence of the event D, given by

_ [there exists x, y € QF _; such that d(x, y) > L"*
%™ | and there is an FK-connection between x and y

Thanks to Theorem 7.1 we get
PG (Dy) < L2Ce

which goes to zero as L — oo. ||

We are left with the problem of proving a lower bound on the last
factor in the RHS of (7.10), Q{NQ =" | E%}, which does not spoil

the good lower bound we already have on ,u/éL@(E'z). As in [IS] we have
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Proposition 7.7. Let f>f,. and k be fixed. Then there exists a
constant ¢(f, k) such that

X _ k —c(B, k) /L (log L)?
WGP (Ng, = N7 | Ef) > emh Vi te D)

for any L large enough.

Proof. Define a new scale for large contours as s(L)=klog L. For
any contour y € B¥:" such that y= T, we set 4= A, U B, as explained in
Section 6.1 and define the sets A7, B} as in (6.7). We can write the event
E, (remember (6.8)) as the disjoint union £,=E U E_~, where the super-
script + means that o(x)= +1 for all xe4;n B, and a(x)= —1 for all
xedind,, and viceversa for E , - Thus we have

HGP(No,=AZIED> inl wG2(Ng,=A7|E)
€5
y=Tp

—_1 B _ m +
_2y€12£1b’uQL (NQL—,/VL|EY)
L
yeTp

By property (E;) in the definition of EX we know that |y| <kL log L.
Therefore

45| <3kLlog L (7.15)

Furthermore, since y =7, and since A‘;Zsz(l —m/m*)/2 and By =
L*(1 4+ m/m*)/2, we have that, for constant C,,
[|4°] — L*(1 —m/m*)/2| < C,Lw
’ e (7.16)
[1By| — L*(1 +m/m*)/2| < C; Lw,

Let, for any finite volume V, A"} =[ (1 4+m) |V]|/2], so that NT=N",-
By (7.16) and (7.15) one easily sees that, if we define 3(y) by

JV'L”:JVZ;,'"*—}-JV;;’"*-}-Q‘;
then we have 97| <3C; Lw,. Moreover, we can write
— b
Ng, =N o+ Np-+ 9

where 9;’=N p is a number which does not depend on the specific

configuration ce £ and satisfies .95’< |45] < CyLw,. Therefore, by an
obvious variation on Proposition 6.1, we get
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:uQL (NQL_'/VL|E )
=l (NA0+NBO_/1/ +J/+m*+9”—3b | E})

> Wi (N o= ./VA;,’”* +99) u%;?i“ QL(NBO N ET =9 (117)
We now have to find appropriate lower bounds on both factors of the RHS
of (7.17). Since the treatment is identical (modulo spin-flip), we consider
only the second factor. Let By° = B;\0,,B5. The bc. & +9 is of type
(s, +), so we proceed as in the proof of Lemma 6.2 and show that to
(almost) every a we can associate a ' -path %(o) which is the most exter-

nal ~-path of +1 spins surrounding B;°. It is also clear that this path,
being the “most external”, can be written as a disjoint union

€(c)=%(c) v %(c) (7.18)
where Cy(0) = 43 and 6,(c) = 0,,0; . Therefore

1€(0)] =1€\(0)| + |%(a)| < |45] + 1050, |
<3kLlog L+8kLlog L=11kLlog L (7.19)

We can also define the sets X?(¢) which is the set of all sites x surrounded
by #(0) and X“(o) = B;\X"(0). Then, again we have X*(0) c 45,0050,
o)

|X<(o)| <11kLlog L, |0X(s)| <11kLlogL, |0X(c)|<11kLlogL

The idea is then to condition on what happens “outside” %(o), and to use
the DLR property. In this way we get

+.0 *
ﬂ%;?s L(NB;Z‘/VZ‘" _lgb)

>inf mfﬂﬂ@ QL(NO N =97 X(0) = X*, o)

eo.x

=inf inf pf2" C(Nyi= N2 — 9% — Ny | X(0) = X<, 0 x)
7

X¢ oye

>1nf inf ,uX, T (Nyi= /V’é’;—Bly’—NXe(a))

Oxe

. . *
> inf inf AT (Ny= /Vgo +n)
X=Qp: X>By° |n|<2C1Lwl
|6X| <11kL log L

. . *
> inf inf whH(Ny= "4 n)
X, s X B
X< Q;:|X|=CL? |n|<2C; L log L 4
|0X| <11lkLlog L
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At this point we can use inequalities (1.1.1) and Lemma 2.3.3 in [IS], and
the proposition is proven. |
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